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Fifth postulate of Euclid and the non-Euclidean 
geometries. Implications with the spacetime. 

Jairo Eduardo Márquez Díaz 

Abstract- This article shows the results of the study conducted on Euclidean geometry, in particular the fifth postulate, which led to the emergence of 
non-Euclidean geometries. As a research methodology, we proceeded to carry out a study on the mathematical and geometric modeling that 
characterizes this type of geometry, establishing its differences framed in the theories formulated by its discoverers, simulating some of them, in order to 
show the spatial representation of the so-called geodesic shapes and curves. In the same way, the impact and diverse applications of these geometries 
in other sciences are exposed in a general way, in particular cosmology, where space is conjugated with time, generating another type of space-time 
metrics such as the Riemannian one, which allows explanation and support to theories such as the general relativity of Einstein, and other physico-
theoretical models related to quantum physics, giving way to new approaches on the characteristics and incidence of matter and energy in the macro 
and micro context of the universe. 

Index Terms - Cosmology, Elliptical Geometry, Spacetime, Euclidean Geometry, Fifth Postulate of Euclides, Geodesic, Hyperbolic Geometry.  

——————————      —————————— 
1. INTRODUCTION 

 
Euclidean geometry marked the path of mathematics and 
science for more than two thousand years, where great 
thinkers and scientists shaped scientific culture under its 
foundations, accompanied by philosophy as support for 
their approaches, inventions and discoveries. Without 
detracting from the great contribution made by Euclid, his 
postulates are no longer used in a generalized manner, 
particularly in sciences such as astrophysics, cosmology, in 
mathematical logic and in some approaches of quantum 
physics, among other scientific fields. This is due to the 
development of algebra, whose use of numbers to measure 
things acquired a fundamental importance. [1] In addition, 
with the development of algebra, unlike the postulates of 
Euclid that are characterized by being axiomatic, another 
type of mathematics was developed based on slogans, 
corollaries, theorems and even conjectures, much more 
structured and demonstrable, where the mathematical logic 
has played a fundamental role, not only in the field of 
mathematics, but in other disciplines such as science and 
engineering, for example, electronics, telecommunications 
and computer science, vital for the technological 
development of the contemporary society. 
     Euclidean geometry as such belongs to a physical world, 
and this has been conceived and taken for millennia, giving 
man the possibility of creating from the simplest 
constructions, to majestic architectural monuments and 
sculptures that have lasted to this day, just like it has 
served as a construct for the advancement of mathematics 
and science today. In this sense, nature and the 
mathematics itself showed its other side, in which about 

two centuries ago, the first proposals were proposed that 
refute the fifth postulate of Euclid, giving way to new types 
of geometry, which eventually converged to the creation of 
non-Euclidean or meta-mathematical geometry and 
mathematical logic. With this new type of geometry, 
natural phenomena are discovered and explained at cosmic 
and subatomic scales, which still amaze man, because of 
their complexity, dynamics and mathematical foundation, 
where the time variable is integrated with space, marking 
in this way a breaking point with Euclidean geometry. 
     In 13 volumes with the name of Elements, Euclid met the 
geometric knowledge of his time (late fourth century BC 
and early III a.c.). [2] Particularizing in his great work, the 
first four postulates of Euclid enunciate aspects of 
geometry whose demonstration is immediate and intuitive 
and do not present any discussion, so they are cited as a 
reference, like this: 
Postulate I: For all points P and Q different, there is a single 
line l that passes through P and Q. It can be defined more 
informally as, for any point you can lead a line to any other 
point.  

 

Fig. 1. Postulate I of Euclid. ∀ P ≠ Q, ∃ l, a single line that passes 
through P and Q. 
 
Postulate II: For all segments AB and CD, there is a point E, 
such that B is between points A and E, and segment CD is 
congruent (≅) with segments BE, as shown in figure 2. This 
the postulate can be defined more informally, as a limited 
right can be prolonged indefinitely by right. 

 

Fig. 2. Second postulate of Euclid. ∀ 𝐴𝐵�����⃗   𝑎𝑛𝑑  𝐶𝐷�����⃗ ,∃ 𝐸, such that B is 
between A and E, and  𝐶𝐷�����⃗ ≅ 𝐵𝐸�����⃗ . 
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Postulate III: For all points O and P different, there is a 
circumference between O and the radius OP. It can be 
defined more informally as a circle can be described from 
any center and any distance. 

 
 Fig. 3. The third postulate of Euclid is derived directly from the set 
theory for a set of points P, such that 𝑂𝑃�����⃗ ≅ 𝑂𝑄������⃗ . 
 
Postulate IV: All right angles are congruent with each other. 

 
Fig. 4. All the right angles are equal, then ∢A = ∢B. 

 
2. FIFTH POSTULATE OF EUCLIDES 

 
     There is a historical point of discussion that revolves 
around the fifth postulate of Euclid (or postulate of the 
parallels). Euclid uses parallels for the first time, in book I, 
prop. 27, by showing that if one line intersects two others in 
such a way that the two alternate angles are equal, the lines 
are parallel. [3] Another similar definition states that if a 
secant cuts two straight lines forming side angles whose 
sum is less than two straight, the two long enough lines are 
cut on this same side. 
     This postulate in particular showed to be not as intuitive 
as Euclides believed, so from the beginning he presented 
discussions about its validity. The problem of this postulate 
in particular, lies in the fact that many mathematicians and 
geometers throughout history, have considered that its 
demonstration is feasible, and therefore, should not be 
considered as a postulate. In this sense, when observing the 
evolution of geometry in history, which is relatively recent, 
we can thank Euclides for raising a gap in mathematical 
knowledge through this postulate, since it gave way to new 
approaches to geometry such as metamathematical, which 
involves a whole new development of mathematics and 
modern geometry, giving impetus to other scientific 
disciplines, as will be shown throughout this article. 
     There are other statements equivalent to the previous 
ones, some more understandable than others, which are 
summarized by Lucas [4] as follows: 
 

1. For every line l and for every point P that is not 
above l, there is a single line m through P that is 
parallel to l, as shown in figure 5. 

 

Fig. 5. The lines l and m are parallel to each other. The 
demonstration of this postulate can not be done 
empirically, because as you can see, you can only draw 
segments of finite lines, but not all of them. 

 
2. There is a pair of straight lines in which all points 

of one are at the same distance from each other. 
3. There is a pair of similar non-congruent triangles. 
4. If in a quadrilateral a pair of opposite sides are 

equal and the angles adjacent to the third side are 
straight, then the other two angles are also straight. 

5. If in a quadrilateral three angles are straight, then 
the fourth is also straight. 

6. There is at least one triangle in which the sum of 
its three angles is equal to two straight. 

7. For a point located within an angle of less than 60 
degrees, a straight line that cuts on both sides of 
the angle can always be drawn. 

8. A circumference can be passed through any three 
non-collinear points. 

9. There is no upper limit to the area of a triangle. 
 

     In addition to the above, Vittone [5] quotes Legendre 
(1794), which states that the fifth postulate is also 
equivalent to the Pythagorean theorem, since it is a fact that 
the sum of the internal angles of a triangle is 180 degrees 
and the fact that there are triangles similar to a given one. 
     Due to the diverse interpretations for which this 
postulate has been lent, it gave much to talk about for a 
long time, beginning because it was affirmed at the time 
that it was a theorem that could be deduced from the first 
four, which was not and is not true. The interesting thing 
about this postulate is that when we put it into practice, we 
come across natural physical elements that this affirmation 
leaves between. For example, by logical inspection, it is 
inferred that if two lines are extended and cut, then they 
are not parallel; however, if the line segments are not cut, 
you can not be sure that there is no cut point at infinity. 
Under this assumption, the only demonstrable resource is 
through indirect reasoning, in which criteria different from 
the given definition are used. Thus, for a long time 
geometers and mathematicians tried without a resounding 
success, because many demonstrations were based on tacit 
assumptions related to the postulate itself, violating the 
logical rule of cyclic reasoning. 
     Of the great geometers, mathematicians and 
philosophers who stand out in the crusade to rebut the fifth 
postulate of Euclid without any success, but who paid the 
ground for others who did, are: Proclo, Wallis, Vitale, 
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Playfair, Lambert and Lagrange. As there is an exception to 
every rule, this corresponds to Gerolamo Saccheri (1667-
1733), who was very close to refuting this postulate, even to 
raise the emergence of non-Euclidean geometry, as stated 
by A. Trigo [6], in his article the fifth postulate of Euclid ... 
and the geometry of the universe: 
     "... Saccheri found results that seemed to contradict common 
sense and ended his work, without realizing that the anti-
intuitive does not necessarily have to be antilogical or unnatural. 
Therefore, Saccheri had at hand the creation of non-Euclidean 
geometries, but he did not succeed because he was absolutely 
convinced that only Euclidean geometry could exist. " 
     The complete mathematical and geometrical 
demonstration about the approach made by Saccheri can be 
found in the text of J. Gray [3], which shows how close he 
was to refute the fifth postulate of Euclid, but also, to raise 
the geometries not Euclidean in demonstrative terms. This 
contribution of Saccheri did not go unnoticed, because it set 
a precedent to the academic community of that time, on the 
possibility that this postulate presented certain 
irregularities when space was not flat. 
 

3. NON-EUCLIDIAN GEOMETRIES 
 

3.1 Hyperbolic geometry 
The Hungarian mathematician János Bolyai (1802-1860) 
restated the fifth postulate giving it a totally different 
approach to the Euclidean, defining it as follows: From a 
point outside a line, infinite lines can be drawn parallel to 
the given one. This contribution was underestimated by the 
mathematical community of that time and for which it 
hoped to give its approval and support, the mathematician 
Gauss, so it was relegated to oblivion for several years. 
     Parallel to the development of Bolyai, Nikolai Ivanovich 
Lobachevsky (1793-1856), formulated and published his 

work under the name "Theory of parallels", as follows: Given 
a line and a point outside it, at least they can be draw two 
parallels to the line through the point, which shows that the 
sum of the angles of a triangle is less than 180º (which for 
the Euclidean case equals exactly 180º), and that the 
intersection of two parallel planes contains parallel lines to 
each other. 
     It is important to note that the scale factor is 
fundamental for this type of affirmation, since if an 
observer is on the hyperbolic plane, he will not notice any 
difference between it and a Euclidean one. Figure 6 
illustrates a hyperbolic plane, represented by the saddle 
type geometry. This geometry in particular, is one of the 
approaches of what has come to be called as the local 
geometry of the universe, characterized in that the 
curvature of the latter is negative, an aspect that will be 
discussed later. 
     Johann Heinrich Lambert (1728-1777) independent of 
Bolyai and Lobachevsky, deduced by means of 
mathematical formulations about triangles projected in a 
hyperbolic geometry, that the sum of the interior angles are 
always less than 180º or π radians. For this condition to 
occur, one of these triangles must meet the following 
condition: 

�𝜋 − (𝛼 + 𝛽 + 𝛾)� = 𝑘𝐴𝛼𝛽𝛾    (1) 
 

    Where α, β and ϒ  represent the internal angles of the 
triangle; Aαβϒ represents the total area of the triangle, and k, 
is a positive proportional constant, which is related to the 
curvature of the hyperbolic space in which the triangle is 
located, as seen in figure 6. In general terms, build a model 
for this type of geometry involves changing the way you 
want to measure on a plane, which differs completely from 
the Euclidean metric. 

                               
(a)                                                              (b)                                                         (c) 

Fig. 6. The first figure (a) represents the hyperbolic plane of the Bolyai-Lobachevsky geometry, from which a triangle with hyperbolic geometry is drawn 
on the chair (b), whose sum of the angles α, β and ϒ is lower at 180º. Note that below the hyperbolic plane is the Euclidean plane, where the sum of the 
angles is exactly 180º. (c) When making the superposition between the Euclidean and hyperbolic plane, the difference is notorious, since when 
projecting a triangle in the plane and the curved surface, the total sum of the angles in both planes will not be equal to 180º. 
     
The work of Lambert had no importance in his time, only 
until the year 1820 when Bolyai and Lobachevsky, 
published independently their theories, which established 
the existence of another type of geometry. This test was 
expected to be given permanent the emergence of non-

Euclidean or hyperbolic geometry, but had to wait thirty 
years until the work of Carl Friedrich Gauss after his death 
was published in 1855, in which part of them he spoke 
precisely of non-Euclidean geometry. It is important to 
mention that after this discovery there are controversial 
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aspects about the bearing and development of Bolyai, 
Lobachevsky [7] and Gauss regarding their respective 
theories, which although not mentioned in the present 
article, the story in many cases has been unfair in giving 
unique credit to Gauss. Montesinos [8] makes a quite 
complete analysis on this subject, in which he cites that 
Gauss began at a young age to deal with the problem of 
parallels, which, like Saccheri and Lambert, obtained 
deductions in the hypothesis of the negation of the axiom 
of parallels independently. Similarly, in this work a 
compendium is made about Bolyai and Lobachevsky in 
terms of their contributions to non-Euclidean geometry and 
their academic and friendship relationship with Gauss, in 
which a quite interesting historical exhibition is made. 
     Taking up the theme, with Gauss publications, attention 
to the issue of non-Euclidean geometry, where the works of 
Bolyai and Lobachevsky were mentioned in 1866-1867 by 
the mathematician Richard Baltzer (1818-1887), was paid in 
shortly after it was becoming aware by the mathematical 
community about the transcendence of this new geometry 
in the physical world. [9] With the hyperbolic geometry, it 

was given way to related geometric developments, such as 
that of Klein and the pseudosphere, which are built on 
curved spaces; which play an extremely important role in 
explaining the general theory of Einstein's relativity. 
     One of the first mathematicians to study in depth the 
subject of hyperbolic geometry on a surface, was Beltrami 
(1869), raising the pseudosphere [10], obtained from a 
surface of revolution when a tractrix environment turns his 
asymptote, as seen in figure 7 (a). This rotation generates a 
negative Gauss curvature [11], which is constant, where 
each of the points on the surface is a saddle point. Márquez 
[12] mentions that Beltrami showed how the metric in the 
pseudosphere can be transferred to the unit disk and that 
the singularity of the pseudosphere corresponds to a 
horoscope in the hyperbolic plane. 
     Another example of hyperbolic geometry is applied in 
projective geometry, through the Klein-Beltrami model; 
which consists of an open disc in which the straight lines 
are Euclidean strings whose ends are at the frontier of the 
disc. [12] 

 

                       (a)                                                                                                    (b) 
 

Fig. 7. Graphical representation of two types of hyperbolic geometry, the pseudosphere (a), and (b) the Poincaré disk, which in this case generates n 
projections, presenting fractal characteristics as a whole. 
     
There are other models related to hyperbolic geometry such 
as the Poincaré disk or conformal disk (which analyzes the 
angle of parallelism and the horocycles, as shown in Figure 
7 (b)), the Lorentz model or hyperboloid (which uses a 
hyperboloid sheet of revolution) and the Poincaré upper 
half-plane model, in which concepts and properties that 
belong to Euclidean geometry are related, such as: vertical 
lines, isometries (a representative  case in this respect are 
the Möbius transformations), double ratio, translations, 
rotations, reflections, distances, lengths, and area of 
triangles, among others. It is recommended to review on 
these topics, in particular the Poincaré disk because it has 
greater applications in hyperbolic geometry in the Kisbye 
document [13]. 
 
3.2 Riemann's geometry 
     Another type of geometry that contravened the fifth 
postulate of Euclid, was raised by Bernhard Riemann (1826-
1866, student of Gauss) defining it as elliptical geometry, 

which unlike the geometry of Bolyai-Lobachevsky, is 
characterized because the lines are not infinite but closed, 
therefore, the sum of the interior angles is greater than 180º. 
This geometry of positive constant curvature, is 
characterized because there are no parallel lines from an 
exterior point, therefore, it is not possible to draw any. For 
Riemann, constructing this type of geometry involved 
using a variety of elements defined by coordinates 
described by Euclidean infinitesimal metrics, in which arc 
segments are taken that define each coordinate point in 
space; which are represented by a positive quadratic form 
ds like: 
 

𝑑𝑠2 = ∑ 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗𝑖,𝑗           (2) 
 

     In general terms, the most representative model of this 
type of n-dimensional geometry is the n-sphere, as illustrated 
in figure 8. 
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                (a)                                                          (b)                                                              (c) 

 
Fig. 8. Riemman elliptical geometry. In (a) a sphere representing an elliptical Riemman geometry is represented. The characteristic characteristic of this 
type of geometry is that the sum of the internal angles α, β and ϒ is greater than 180º, where the triangle (b) belongs to the elliptical surface. Regarding 
the Euclidean plane (c), the difference is notorious, so the geodesics in both types of large-scale geometry differ completely. 
     
Riemman distinguished the unlimited of the infinite in a 
geometry of this type, in which he defines that just as a 
curve can have no end (to be of unlimited extension) being 
finite in magnitude - a circle, for example - so the space can 
be unlimited but not necessarily infinite. [2] Under this 
statement, it is inferred that one can have a constant 
positive curvature, and therefore, have a finite radius. 
    The elliptical geometry as well as the hyperbolic one, are 
characterized by the scale factor to differentiate from the 
Euclidean geometry, since if an observer is in an elliptical 
plane like the surface of the Earth, he will not notice any 
difference between an east flat and one Euclidean. 
Therefore, in this context we speak of the geodesic lines, as 
illustrated in figure 8 - sphere (a) and euclidean plane (b) -, 
these types of planes have notable differences and one of 
them is precisely the fifth postulate. 
     A fundamental application of Riemann's elliptical 
geometry is in Einstein's theory of relativity, in which the 
four-dimensional metric of the universe is applied. In the 
words of B. Lewis: "In Einstein's general theory of relativity, 
the geometry of space is a Riemannian geometry. Light travels 
through geodesics and the curvature of space is a function of the 
nature of the matter that composes it. "[14] This type of 
geometry plays a fundamental role in modern and 
relativistic physics, where the object of study is spacetime. 
For this purpose, the spaces of constant curvature are 
proposed by means of the Riemann curvature tensor, 
which is mathematically expressed as: 
 

𝑅𝑖𝑗𝑘𝑙 = 𝐶�𝑔𝑖𝑙𝑔𝑗𝑘 − 𝑔𝑖𝑘𝑔𝑗𝑙�         (3) 
 
    Where gij represents the metric tensor of rank 2 in 
curvilinear coordinates [15], to which is proportionally 
associated to the tensor of Ricci Rij and the scalar curvature 
S respectively: 

𝑅𝑖𝑗 = (𝑛 − 1)𝐶𝑔𝑖𝑗      (4) 
 

𝑆 = 𝑛(𝑛 − 1)𝐶       (5) 

 
Where n represents the dimension of space. 
     The Riemann curvature tensor can be defined according 
to the Levi-Civita connection; which is applied in the 
general theory of relativity as a differentiable semi-
Riemannian manifold M, and a metric tensor g of signature 
(3,1), which in general terms is expressed as the pair (M, g), 
such as it is exposed below. 
     Perdigão do Carmo [16] states that the function 𝑔𝑖𝑗 = 𝑔𝑗𝑖, 
is called the local representation of the Riemannian metric 
(or the gij of the metric) in the coordinate system x: 𝑈 ⊂
ℝ𝑛 → 𝑀.  What indicates that a differentiable manifold with 
a given Riemannian metric will be called a Riemannian 
manifold? This way of conceiving space has evolved with 
the treatment given at the beginning of the 20th century in 
the works of the Italian mathematicians M. Ricci (1853-
1925) and T. Levi-Civita (1873-1941) up to the notion that 
today is called as a Riemannian variety. [17] 
     Riemann suggests that the existence of Euclidean 
geometries can be considered when the dimension of these 
are infinitesimally small, therefore, the value of the 
curvature of space can differ. In this sense, the 
mathematical formalism of the curvature tensor is 
introduced, which allows demonstrating the other exposed 
geometries, including the Riemannian own. Under these 
approaches, Einstein uses the curvature tensor to explain 
his general theory of relativity in terms of the curvature 
behavior of spacetime geometry, which today is known as a 
gravitational field, and which is typical of bodies that have 
a large amount of mass and/or energy. Another application 
of the Riemann geometry is about the Levi-Civita 
connection, which allows to study the geodesics, curvatures 
and other elements of this geometry. The definition of this 
connection is relatively simple, as explained by Lafuente 
[18]: 
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     Let (M, g) be a Semi-Riemannian variety. A linear 
connection ∇ in M is said to be compatible with the metric 
g, if ∇g = 0, or equivalently, for all X, Y, Z ∈ Ξ (M) we have: 
 

𝑋�𝑔(𝑌,𝑍)� = 𝑔(∇𝑋𝑌,𝑍) + 𝑔(𝑌,∇𝑋𝑍)        (6) 
 

     The condition in local coordinates is equivalent to 
𝜑 = (𝑢1, … ,𝑢𝑚) using the symbols of Christoffel is written 
as: 
 

𝑔𝑖𝑗;𝑘 = −Γ𝑘𝑖ℎ𝑔ℎ𝑗 − Γ𝑘𝑗ℎ 𝑔𝑖ℎ = 0    (7) 
 
     The functions Γ𝑘𝑖ℎ 𝑔ℎ𝑗 = Γ𝑘𝑗ℎ 𝑔𝑖ℎ are the Christoffel symbols 
of the first kind and completely determine the original 
Christoffel symbols Γ𝑖𝑗𝑘 in which the inverse matrix (𝑔ℎ𝑘) of 
the (𝑔𝑖𝑗) is used: 

Γ𝑖𝑗𝑘 = Γℎ𝑖𝑗𝑔ℎ𝑘   (8) 
     It is then that: 
 

𝜕𝑔𝑖𝑗
𝜕𝑢𝑘

= 𝜕
𝜕𝑢𝑘

𝑔 � 𝜕
𝜕𝑢𝑖

, 𝜕
𝜕𝑢𝑗
� = Γ𝑘𝑖𝑗 + Γ𝑘𝑗𝑖     (9) 
 

     Now, considering thatΓ𝑘𝑖𝑗 = Γ𝑖𝑘𝑗 it is concluded that, 
 

Γ𝑖𝑗𝑘 = 1
2
�𝜕𝑔𝑖𝑘
𝜕𝑢𝑗

+ 𝜕𝑔𝑗𝑘
𝜕𝑢𝑖

+ 𝜕𝑔𝑖𝑗
𝜕𝑢𝑘

�  Where i, j, k = 1,2 (10) 

 
     With this result it is proved that there is a connection ∇ 
compatible with g. 
     As it is appreciated, the mathematical construction that 
is used in the Riemann geometry is quite wide and complex 
in some senses, that derives in the explanation of other 
physical-mathematical models, own of the differential 
geometry and the quantum physics, such as: connections 
and covariant derivative, varieties and Riemannian 
connections, lengths of curves and volumes, and 
pseudometric, among others. 
 
3.3 Geodetic 
     A subject that is not alien to the geometries mentioned 
are the geodesics, whose importance lies in that it is 
applied in curved spaces. The geodesics in essence are 
described by lines through which a body or particle moves 
in spacetime, as shown in Figure 9. 
     Mathematically it is proposed as a curve ϒ that is 
defined in a range that belongs to the real numbers, whose 
speed is parallel, in which the following condition is 
fulfilled: 
 

 𝐷𝛾
𝑑𝑡
𝛾′ = 0     (11) 

 

 
 
Fig. 9. Representation of the geodesic lines projected on a spherical surface, in which two parallel lines are highlighted. As it is observed, in graphical 
terms the fifth postulate of Euclides lacks validity, because when extending in a finitely big space the two lines are cut in two points. 

     

What the equation (11) implies, is that in a geometric space 
there is a regular curve, where it is said that there is a 
geodesic if ϒ’ is parallel. To this definition, the following 
theorem is added: 

     For all 𝑥 ∈ 𝑀, 𝑢 ∈ 𝑇𝑥 𝑀, there exists a single maximal 
geodesic ϒ such that ϒ(0) = x,     ϒ’(0) = u. [19]   
 
     This type of geodesic describes related straight lines 
traveled with constant speed, that is to say, that does not 
present detectable accelerations from the surface. The 
condition of being geodesic can be written as a system of 
ordinary differential equations of the second order. [20] 
Now, since the curvature tensor is canceled, any straight 
line is a geodesic, where its second derivative is equal to 
zero (𝜏̈ = 𝑥̈ = 𝑦̈ = 𝑧̈).  In relativistic terms, the 

representation of these geodetic lines for a particle that 
moves in a four-dimensional space (𝑥𝑜, 𝑦𝑜, 𝑧𝑜 , 𝑡) is the 
following: 
 

𝜏(𝑡) = 𝜏𝑜 + 𝑡
𝛽

        𝑥(𝑡) = 𝑥𝑜 + 𝑡𝑣𝑥
𝛽

        𝑦(𝑡) = 𝑦𝑜 + 𝑡𝑣𝑦
𝛽

          

𝑧(𝑡) = 𝑧𝑜 + 𝑡𝑣𝑧
𝛽

      (12) 

     Where 𝛽 = �1 − �𝑣
𝑐
�
2
representing a relativistic 

coefficient; (vx, vy, vz) are the spatial components of the 
velocity of a particle and t is the proper time of the particle 
within its reference system. 
     In more colloquial terms, the geodesic represents a line 
of length L that joins two points on a curved surface or 
Riemannian variety. This definition represents a geodetic 
Euclidean (ℝ𝑛,𝑔𝑜). 
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     There is another type of geodesics related to the 
Riemannian varieties, such as: those of spherical type (Sn 
(1), g), projective space ℝ𝑃𝑛 and in the hyperbolic plane 
with the model of the semiplane. [21] It should be noted 
that a variety is curved if the parallel transport of a vector 
through a closed curve results in a different vector when 
returning at the exit point. [22] 
     Based on the above, it follows that the geodesics have a 
direct relationship with the topology of spacetime and its 
causal structure in bodies of great mass and/or energy in 
the universe. Thus, the theory of causality is dedicated to 
the study of the relationships between the different points 
of a Lorentz variety, that is, it studies the points that can be 
joined by causal or temporal curves. [23] In this sense, the 
theory arises about the existence of closed curves, which 
would imply that certain particles could move between the 
past, present and future, thus enabling the time travel of 
matter and Energy. This is a physical phenomenon, which 
for some years has gone from being considered as science 
fiction, to being treated as a subject of critical research, as 
much for research centers as for governments, since behind 
it research is moving like the theory of multiple universes, 
teleportation and quantum computing. 
     Another proposal revolves around the existence of the 
Cauchy hypersurfaces, which, unlike the previous theory, 
would allow knowing the state of a particle in the future. 
For the case of critical mass bodies such as neutron stars 
and black holes, there are incomplete geodesics present in 
the so-called space-time singularities, where the 
deformation of space is so great, that time tends to zero as 
matter and energy approaches the center of the singularity, 
breaking the geometric structure of spacetime. For these 
critical cases in particular, the Euclidean geometry does not 
apply, meanwhile the non-Euclidean geometries present an 
anomalous and irregular behavior, due to the atypical 
conditions of these physical systems, since it is speculated 
that the number of dimensions is reduced with respect to 
the surrounding dimensions of our universe and that could 
increase when it reaches the open or closed gravitational 
singularity, which derive in other types of singularities, 
such as: temporal, spatial or naked, each with its own 

metric, which depends on the quantity of matter and 
energy engaged in these stellar physical systems. 
     For the case where the dimensions are increased in a 
physical system, the Riemann tensor is used and for a 
three-dimensional system, the Ricci curvature tensor. 
Therefore, dimensionality plays an extremely important 
role in the geometry of relativistic spacetime and quantum 
mechanics, because although there has been talk about 
macro systems, at the quantum level, geometry plays a 
fundamental role in explaining the behavior of matter. 
subatomic scales, since the number of dimensions goes up 
to 11 (which can decrease to 10 depending on the intensity 
of the coupling interactions, whether they are large or 
small) [24], this is the case for the theory M that originates 
from the string theory (needs 7 spatial dimensions), which 
generalizes the quantum field theory, and which is one of 
the most accepted at present, since it makes it possible to 
explain the cosmology of the D-branes in terms of the 
assumption that our universe would be part of other 
universes, acting as a bubble with its own physical laws. 
That is, reference is being made to the theory of parallel or 
multiple universes (multiverses), where some of them 
would present totally different behaviors to our universe, 
either in terms of the type of matter and energy that 
compose it, such as the physical laws that govern them. 
 
4 GEOMETRY AND COSMOLOGY 

     Non-Euclidean geometry explains phenomena of the 
universe that it is not possible to do with Euclidean 
geometry, starting with the curvature of the universe, in 
which one does not know for sure if it is Euclidean (flat), 
elliptical (positive), or hyperbolic (negative), as illustrated 
in Figure 10. Due to the uncertainty regarding the geometry 
of the universe, its end is still uncertain, although it is still 
in a process of expansion or inflation, as has been verified 
in an observational manner in which many scientists affirm 
that the universe under this scheme is open. Also, there are 
detractors, who claim that the universe will reach a point 
where it will stop expanding and start a process of 
contraction or big crunch, so it is speculated that it would 
be closed, even speculating that it would present a cyclic 
explosion process - implosion eternally.  

               

                             Ω >1                                            Ω =1                                               Ω <1 
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Fig. 9. The local geometry of the universe is roughly determined by using the omega curvature constant (Ω). Figure (a) represents a spherical or 
Riemannian universe, characterized by having a positive curvature, which indicates that it is a closed universe with a high density of matter. Figure (b) 
represents a flat or Euclidean universe of curvature 0, whose density of matter is critical. Figure (c) represents a hyperbolic universe, with a negative 
curvature, so it is considered an open universe with a low density of matter. 

          

The geometry of the universe depends on the amount of 
mass and energy it has, which apparently has much more 
than what is assumed, which is called as dark matter, 
which exceeds in several orders the visible mass of the 
universe. This type of dark matter does not emit or absorb 
electromagnetic radiation, so it is not possible to even 
measure it and/or detect it directly with current technology. 
As an additional fact, the energy density of the universe is 
divided into three main components: 68.3% dark energy, 
26.8% dark matter and only 4.9% baryonic matter (or 
visible). [25] 
     Dark matter is attributed to the existence of mass 
cohesion in galaxies and stars, which allows them to stay 
together and form groups or clusters. Although there are 
other candidates that would add mass, such as: antimatter 
galaxies, exoplanets with dark matter [26], supermassive 
black holes and exotic high energy dark matter particles 
such as WIMP (Weakly Interacting Massive Particles) 
which hypothetically would be part of the dark matter, the 
truth is that we do not know yet what it is composed of. It 
should be noted that it is speculated that WIMPs would 
resemble neutrinos, but with a higher mass. [27] From what 
is known with certainty until now, is that there is some 
kind of matter around the galaxies and stars that keeps 
them cohesive and that eventually act as a brake to the 
expansion of the universe. 
     Although at present it has not been demonstrated that 
there is any direct interaction of dark matter with ordinary 
matter, physical models predict that it is possible, and it is 
through gravity, because, after all, it was because of 
medium of it that dark matter was detected. Therefore, 
there would be disintegrations that would be induced by 
the curvature of space, the manifestation of gravity 
according to Albert Einstein's theory of general relativity. 
[28] Fernández [29] states that Einstein was the one who 
deduced that spacetime acquires curvature in the presence 
of material masses with given energy distributions, 
according to a set of equations of the form: 

Curvature = G * Energy density (11) 
 

     This equation is equivalent to: 
 

𝐺𝑖𝑗 = 8𝜋𝐺
𝑐4
𝑇𝑖𝑗        (12) 
 

     Where Gij is the Einstein tensor, which represents the 
curvature or geometry of spacetime; G represents the 
universal gravitation constant, which measures the rigidity 
of space-time, that is, its resistance to be curved by the 
presence of energy or its equivalent, matter; c the speed of 
light and Tij, is the energy-moment tensor, which represents 

the distribution of energies and their flows present in 
space-time. This approach has been confirmed repeatedly, 
through direct and indirect observations on certain stellar 
phenomena. 
     Another physical aspect that belongs to non-Euclidean 
geometry is the curvature of the universe, which is directly 
related to spacetime, as demonstrated by Hernann 
Minkowski (1864-1909) with his metric: 

ds2 = dx2 + dy2 + dz2 - cdt2     (13) 

      This metric represents a Lorentzian variety [30] of four 
dimensions (three spatial dimensions and one temporal, 
and one null and isomorphic curvature, which is used to 
describe the physical phenomena related to the special 
theory of relativity, the quantum mechanics of holes blacks, 
the quantum theory of gravity in 4D (a space-time 3 + 1) 
[31], the Einstein-Rosen bridge, string theory, and even 
wormholes, for example, in the case of Black holes, a 
research published in Nature by Graham and colleagues 
[32], states that the quasar PG 1302-102 could harbor a 
binary system of supermassive black holes separated by a 
few hundred light years away. is related to the variation of 
the brightness of the quasar, whose period observed by the 
CRTS (Catalina Real-Time Transient Survey) is 5 years. 
     The variations cited, are related to strong distortions of 
spacetime, therefore, the physical laws in this type of 
system must have a totally irregular behavior to the 
surrounding universe, and therefore, the geometry implicit 
in this type of system as well. The reason for citing this 
cosmic system lies precisely in its spatio-temporal 
geometry, which although local, extends for several light 
years, so it is speculated that in this particular area the 
distortions of space and time are critical, and that in theory 
should be observable. Under this assumption, it is stated 
that a space-time field would be formed, which would 
behave like a bubble of time, due to the strong gravitational 
fields present there. Although speculative this statement, 
what we want to show, is that the non-Euclidean 
geometries in this type of systems adopt a limit behavior, 
where mathematics and physics still fall short in their 
explanation. 
     Another type of metrics to be noted for its relevance in 
astrophysics and cosmology, are the Schwarzschild metric 
and the Friedman-Lemaitre-Robertson-Walker metric: the 
first is characterized by the fact that it is applied to a space-
time geometry of a body spherical, which is considered that 
its angular momentum is zero and is also isolated, an 
example of this is a static black hole [33]. As discussed by 
Polanco and Arrtche [34], the Schwarzschild metric [35] for 
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a star described in terms of the characteristic line element in 
spherical spatial coordinates, can be written in the form, 
 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑𝜃2 + 𝑟2𝑠𝑒𝑛2𝜃𝑑𝜑2       (14) 

Where𝑓(𝑟) = 1 − 2𝑚
𝑟

. The parameter 𝑚 = 𝐺𝑀
𝑐2

 represents the 
geometric mass, whose units are of length that depends on 
the universal gravitation constant G, the speed of light c 
and the mass of the central body or star; which is 
responsible for deforming the spacetime and subsequent 
formation of the event or event horizon, which is estimated 
to be formed at a distance of r = rs = 2m, where rs is the 
Schwarzschild radius (2GM/c2). This radius is understood, 
as the critical distance where matter once it enters, has no 
return, including light, entering what is called as 
singularity. 
     The event horizon is not unique, because it can be 
evaluated in different contexts either in asymptotically 
simple, asymptotically simple, asymptotically empty or flat 
spacetime, even if it is future or in the past, so its causal 
curves are different. There are other types of horizons such 
as Cauchy and Killing; the first one focuses on the study of 
surface gravity, spherical bifurcations, acceleration and 
gravity of bodies with critical mass that converge to be 
black holes, while the second studies the unextendible 
causal curves of the past or future, domains and total and 
partial surfaces of Cauchy evaluating the irreversibility and 
arrow of time [36]. There is also a cosmological horizon, 
which, as Nomura says, [37] represents the boundary that 
limits the region of the universe from which one can still 
receive signals from deep space, even though it expands, at 
whose limit there is no spacetime. 
     The second metric [38] has been formulated to explain 
the structure of the universe in terms of its expansion, 
assuming that it is homogeneous and isotropic. In spatial 
coordinates this type of metric is represented as follows: 
 
𝑑𝑠2 = −𝑑𝑡2 + 𝑎(𝑡)2 � 𝑑𝑟2

1−𝑘𝑟2
+ 𝑟2𝑑𝜃2 + 𝑟2𝑠𝑒𝑛2𝜃𝑑∅2�       (15) 

     Where k represents a constant in time that describes the 
curvature and a(t), it is the scale factor of the universe. In 
order to find the solution to this equation, it is required that 
normalization rules be used for a(to) = 1 in which k varies 
between -1, 0 and 1, or that fits other parameters such as 
the Hubble constant (70−8+12 km/s/Mpc) [39] and the 
curvature of space. 
     It should be noted that these proposals of non-Euclidean 
geometry, give another meaning to the philosophy of 
contemporary science, where scientific paradigms emerge 
everywhere, because it is to explain natural phenomena 
whose behavior and physical manifestations are not 
conventional, for example , the relation of gravitational 
lenses with the curvature of spacetime [40], or the 
phenomenon of quantum teleportation [41], which at 
present has been given the experimental application that 
was needed to demonstrate its potential, - apart from the 

quantum computing, - in creating an encrypted quantum 
communication network [42], parallel to this great 
development, it is intended to create and materialize matter 
through spacetime, which has already been partially done 
with atoms such as fluorine. 
     It is important to point out that spacetime has a 
particular mathematical modeling according to the type of 
symmetry, that is, it can be stationary or asymptotically 
flat, static, axially symmetric and spherically symmetric. 
[33] Therefore, the metrics differ from each other. 
     Another example of non-Euclidean geometry is the 
proposal of the superluminal speed of the mathematician 
Alcubierre, known as Alcubierre's metric [43]. This metric 
raises the possibility of traveling through space at speeds 
greater than light (known as speed or push Warp), through 
the manipulation of spacetime, creating a kind of bubble 
that deforms itself and shrinks in the direction of the 
apparent movement. In summary, this metric is 
represented as follows: 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 − 2 𝑑𝑥𝑠(𝑡)
𝑑𝑡

𝑓�𝑟𝑠(𝑡)�𝑑𝑥𝑑𝑡 +

��𝑑𝑥𝑠(𝑡)
𝑑𝑡

�
2
𝑓�𝑟𝑠(𝑡)�2 − 1� 𝑑𝑡2    (16) 

Where   

𝑟𝑠(𝑡) = ��𝑥 − 𝑥𝑠(𝑡)�2 + 𝑦2 + 𝑧2         (17) 

𝑓(𝑟𝑠) = 𝑡𝑎𝑛ℎ(𝜎(𝑟𝑠+𝑅))−𝑡𝑎𝑛ℎ(𝜎(𝑟𝑠−𝑅))
2𝑡𝑎𝑛ℎ(𝜎𝑅)

   (18) 

     With the condition that R> 0 and σ> 0 arbitrary. With 
this type of metric, Alcubierre affirms that a negative 
energy density is required, which implies the use of some 
kind of exotic matter that allows to deform spacetime. This 
metric relates the distances to the square in the space x, y, z, 
and the temporal distance t to the square, which is 
negative; This sign indicates that it is necessary to measure 
a distance at a temporal level, -it is a temporal metric- and 
represents a mathematical object related to the special 
relativity that demands it. When observing equation (17), 
what follows is that the body is moving in only one 
direction, which is along the x axis, where y and z remain 
unchanged. 
     On the equation that is constructed with hyperbolic 
tangent functions, this indicates that a distortion is created 
at the edges of the volume of flat space, as we have tried to 
illustrate in figure 10, which is represented by the variation 
of colors inside-outside.This implies that a new space (such 
as an expanding universe) is rapidly being created on the 
back of the moving volume, and the existing space is being 
annihilated (like a collapsed universe to a Big Crunch) on 
the front side of the volume moving. [44] A spaceship 
within the volume described would be propelled forward 
by the expansion of space that occurs in the back and the 
contraction of space in front of it. 
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Fig. 10. The simulation shown, is an interpretation of Alcubierre's 
metric for general relativity, where a body in a region of plane space is 
surrounded by a distortion, which in this case is blue, that propels it 
forward to any arbitrary speed, even higher than light. The violet color 
indicates the surrounding space not deformed. 

     Although it is a theory, thinking that you can travel in 
the universe only by deforming space, expanding it, 
changes the whole context of what is a space trip as it is 
now, because under the model of Alcubierre, the spacecraft 
is not the one that moves is the space around it, where the 
relative time does not change with respect to other systems 
of reference, and there would be no limit to travel at a 
speed greater than light, without there being dilations in 
time. 

5 FUTURE INVESTIGATIONS 

     Due to the dynamics presented by non-Euclidean 
geometry and its direct relationship with spacetime and 
time travel back and forth, the research converges to 
establish which quantum physic models sustained under 
the Riemannian metrics and Bell inequalities [45], 
allow explain the phenomenon of remote action or EPR 
paradox (Einstein, Podolsky, Rosen). The problem of this 
paradox lies in the phenomenon of non-locality and to 
define a temporal metric that explains how a system of 
photons or electrons communicate with each other in situ, 
when they start from the same source and distance 
themselves in opposite directions. The paradox lies 
precisely in the fact that this contradicts the theory of 
relativity, since it is asserting that information moves at a 
speed greater than light, hence the name of action at a 
distance. 
     The research aims to show that it is feasible to have a 
space-time bubble that forms when the sub-particles move 
under the phenomenon of distance action on Riemann 
geodesics that may be incomplete, in which quantum 
constrictions or singularities are discussed spatio-temporal, 
suprarelativistic times and quantum multiverses [37], all of 
them considered under a topology or nonlocal space. 
    This research covers other fundamental topics for the 
physical and quantum computing sciences, such as 
teleportation and physics of the Cúbits, both directly 
related to the phenomena of local and cosmic quantum 
entanglement [46]; which has given impetus to quantum 

computing [47] (local quantum entanglement), which 
unlike binary systems, works with four states, 11, 00, 10 
and 01, so the level of processing and storage of 
information is extremely fast, in addition to all this is done 
at atomic scales, so it has no comparison with the current 
computer systems. For the cosmic scale, it allows encrypted 
communication between satellites, and what is pursued is 
to extend it to hundreds of thousands of kilometers, even 
light years from Earth. 
 
6 CONCLUSION 

     Euclidean geometry has influenced the world for more 
than two thousand years, whose contribution to 
mathematics and science and engineering has been 
significant, but as it happened with the Aristotelian or 
Newtonian approaches, which at the time were taken as 
absolute and dogmatic, that later were rebutted forcing 
reconstruction and/or reinventing its theoretical and 
conceptual bases, Euclid's geometry also had something 
similar, starting with its fifth postulate, which led to other 
proposals called as non-Euclidean geometries, whose main 
exponents are Bolyai- Lobachevsky and Riemann, each one 
with its own characteristics and differentiated one from the 
other when applied to spacetime. In this sense, it can not be 
said that Euclid's geometry is excluded from the current 
context, it only has certain restrictions, like the other 
geometries, since they work with different metrics, the first 
on a terrestrial scale, the others on cosmic scales or 
subatomic. When considering that there are homogeneous 
non-Euclidean geometries such as Euclidean, elliptical and 
hyperbolic, the existence of an infinity of possible 
geometries is considered, which can be described by what 
is known as general Riemannian varieties [48]. 
      It is interesting to know that the three types of geometry 
enunciated are valid for the physical world, in which they 
are used in different contexts. Euclidean geometry, as 
noted, applies to terrestrial scales, because at higher 
distances it has errors in terms of the metric that make it 
unsustainable, especially when you want to have reliable 
and precise data, particularly the geodesics, which are key 
to the navigation area and satellite. As for Riemann's 
geometry, Bolyai and Lobachevsky tried in its time to give 
a tacit application, which of course was not possible, only 
until calculations and measurements could be made on 
macro surfaces by means of so-called geodetic curves; 
which are described as a line whose length is minimum 
that joins two points in a spherical geometry surface, and 
which is also contained in it. The local geodesics on a 
surface meet the Euclidean axioms, except the fifth. 
     The non-Euclidean geometries are framed in what 
Hilbert called metamathematics, who institutionalized it, 
creating the requisite foundation and formalism, which 
subsequently extended to various fields of mathematics, 
logic and physics. With metamathematics, the philosophy 
of science -very close to geometry- had to change its 
Kantian position, giving way to new approaches and 
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paradigms that with Euclidean geometry was 
unsustainable. That is to say, with these changes of the 
mathematical paradigm, it led to philosophy also doing so 
in terms of the Kantian conception; which was sustained as 
stated by Moise and Downs [1] in an absolute assessment 
of Euclidean geometry. This happened in part, because in 
the nineteenth century there was an explosion of 
knowledge in the area of mathematics and mathematical 
logic, whose contributions to science and engineering have 
impacted to this day. One aspect to consider about why 
mathematics diversified so much in this period, obeys the 
rigorous demonstration models used, which led to rethink 
in some cases the ancient mathematical basis, including the 
postulates of Euclid. The implications of the rigor in the old 
mathematical models, caused that many of his axiomatic 
expositions, were put under the magnifying glass, like 
particular case, the fifth postulate of Euclides. 
     Hilbert worked in diverse contexts of mathematics, in 
which the theory of numbers [49] and the calculation of 
variations [50] stand out. The results of this work was the 
axiomatic reconstruction of Euclidean geometry, which in 
its principles was considered factual, lasting for millennia. 
This reconstruction carried out by Hilbert, turns 
mathematics into a formal axiomatic system. That is to say, 
Hilbert generalizes the procedure initiated in algebra, to see 
all mathematics, including analysis, as a set of meaningless 
formulas, where the propositions of intuitive content of 
ideal propositions are not distinguished. [51] From 
Hilbert's point of view, metamathematics is understood 
syntactically, in which the statements are taken in the 
demonstrative context of falsehood or truth. The result of 
this approach, given by Hilbert, is a revolution in axiomatic 
demonstration models, very different from those proposed 
by Euclides, which are based more on the factual than on 
the rigorous. As Giovannini cites [52], in his study of 
Hilbert's contribution to mathematics and geometry, which 
clarifies that geometry must be constructed independently 
of analysis and arithmetic, it coexists with the use of 
arithmetic and analytic interpretations for show that the 
various axioms employed are independent of each other. 
    In general terms, the evolution of non-Euclidean 
geometries has not stopped, in fact today is more dynamic 
than ever, especially in research at the level of astrophysics 
and cosmology, the quantum mechanics of gravitation and 
the philosophy of mathematics, among others, where recent 
discoveries show that the nature of spacetime presents a 
quite particular behavior for n dimensions, example of this, 
is the string theory, it is even studied about its implications 
in the possibility of time travel, which is an aspect that has 
ceased to be science fiction, to become a very important 
research line of prestigious universities and governments 
around the world. 
     To finish, the non-Euclidean geometries are strange, 
antagonistic and little known to the general public, 
although we are surrounded by them, for example, the 
gravitation that comes from the fields of matter and energy 

like the Sun. This type of geometry is usually worked in the 
academic, technical and scientific field, in certain areas of 
knowledge, whose importance is extremely significant for 
the current and future technological development of 
society. As for the Euclidean geometry, this has not lost its 
status, not in terms of the human scale, we live and live 
with it permanently without in many cases we become 
aware of it. 
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